Abstract: In this paper, a parameter design method of a sliding mode controller with a hysteresis band is proposed for buck converter application, which is based on the proper analysis of the controller parameters' influences on existence condition, conduction mode and transient performance. This work discovers the fact that the trajectory of the closed loop system will end at an undesired limit cycle or equilibrium in discontinuous conduction mode, and establishes the mathematical relationship between the system overshoot and the sliding coefficient α. Next, in order to keep operating in continuous conduction mode and have a superior steady-state and transient performance, the upper limit of the hysteresis band border δ, the upper and lower limit of α are given accordingly. Finally, The effectiveness of the given design method is validated by simulation and experiment for steady-state and transient responses.
Introduction
The buck converter is one of the most essential DC-DC converters and widely utilized in power supplies. In recent years, a series of DC-DC converter control techniques have been presented, including voltage mode control [1] , current mode control [2] , voltage-voltage (V 2 ) mode control [3, 4] , voltage-voltage-current (V 2 C) mode control [5] , and others. However, the above methods are all based on smallsignal models, in which the system equations are linearized around an equilibrium point [6] . Therefore, they are not effective with large perturbations, even some undesired nonlinear phenomena accordingly occurs [7, 8] . In contrast with these techniques, sliding mode control (SMC) could be a more appropriate choice due to the characteristics of fast response and good robustness, its application on DC-DC converters could strengthen the stability of output voltage and enlarge the stable domain [9, 10] . Theoretically, SMC requires infinite switching frequency of operation, which is impossible to realize by circuit components. In practice, a hysteretic band around the sliding surface was introduced to limit the maximum value of the switching frequency, and SMC was transformed to a finite switching quasi-sliding mode control accordingly [11, 12] . Nevertheless, this quasi-sliding mode control was initially applied to averaged models of PWM control, and the controllers were designed to only handle the system at a fixed operation point [13, 14] . Subsequently, in order to guarantee system stability with a wide range of the load and supply voltage, a novel design method for the sliding coefficient was proposed relying on the large-signal model of buck converter in continuous conduction mode (CCM) [15] . Next, the output of the controller was directly utilized as a gate signals, instead of a duty ratio to PWM signals, this controller is more straightforward and each step of the derive process has an explicit meaning [16, 17] . Moreover, the domain of different periodic orbits was shown to prove that SMC controller had an improved robustness compared with both hysteresis and peak current-mode controller [18] .
In conclusion, the sliding mode controller design has been a popular research subject in DC-DC converters, however most of the previous literatures are limited to the study of the controller parameters' influence on the stability of the closed loop system, the influences on the steady-state performance and transient performance are not clarified clearly. Besides, the value of the hysteresis band border is designed by empirical approach, and short of theoretical support. Moreover, the previous design of controller was based on the circuit operating in CCM, which is not suitable for the circuit in discontinuous conduction mode (DCM).
Accordingly, the main contributions of the present work are in the following. (1) The influence of conduction mode on the system trajectory is properly analyzed, and discovers the fact that the system trajectory will end at an undesired limit cycle or an undesired equilibrium in DCM. Accordingly the upper limit of hysteresis band border δ is given in order to avoid operating in DCM. (2) The mathematical relationship between the system overshoot and sliding coefficient α is established, deducted by the system state equation and the condition in the hysteresis band border. Accordingly the upper limit and the lower limit of α are given based on the above mathematical relationship and the influence of α on transient performance.
The paper is organized as follows. In Section II, a brief description of buck converter and the mathematical model of the closed loop system with SMC are given. Next, the influences of controller parameters α and δ on existence condition, conduction mode and transient performance are analyzed in section III, and the range values of these parameters are given accordingly. Then, the simulation and experiment verification are presented in Section IV. Finally, the conclusions were discussed in Section VI.
The mathematical model of buck converter with SMC
The power circuit in Fig. 1 is an elementary buck converter, when the switch S k is turned on (u ¼ 1), and the diode is reverse biased, the inductor current increases, the energy is stored in the inductor and capacitance accordingly. As soon as the switch S k is turned off (u ¼ 0), the inductor current decreases, and the energy transports from the inductor to the capacitance. The state-space model for the buck converter can be taken as
Where
The control objective of the buck converter is regulating the output voltage to a reference voltage U ref . Accordingly, the sliding surface is designed as the following expression
Theoretically, the sliding surface results in a discontinuous control action as follows
However, the infinity frequency cannot be implemented by circuit components, in the practical controller design, a hysteresis band is added around the surface for maintaining the operating frequency, and expression (5) will be deduced by 3 Performance analysis and parameters design
Ideally, when the switching frequency is infinite, the trajectory of the closed loop system will reach the sliding surface and end at an equilibrium point, whereas the conditions has changed since the sliding surface is replaced by a hysteresis band. In this section, the influences of controller parameters on existence condition, steadystate performance and transient performance are properly clarified, and the conditions operating in CCM and DCM are both taken into account. A. Existence condition Expression (1) and (4) can be combined in the following expression
The existence condition of the sliding mode is S _ S < 0, which implies that the system trajectory is able to reach the sliding surface. When the sliding surface is replaced by a hysteresis band, the existence condition will be expressed in the following inequality.
From the expression (4) and (7), the inductor current i L is given by
As is depicted in Fig. 2 , q 2 ðU ref ; 0Þ is the initial point of the system trajectory, the regions satisfying the existence condition consists of three parts:
When > 1 RC , and because kp 1 p 2 k < kq 1 q 2 k, the trajectory will enter the region
, where the existence condition is not satisfied. In this case, the trajectory will move away from the sliding surface until it enters the region D 2 , so the time returning to the hysteresis band will be delayed. Moreover, When > 1 RC , D 5 can be simplified to fx 1 ; x 2 jx 2 > 0; S < ; i L ¼ 0g, which is marked in i L ¼ 0. When the inductor current decreases to zero, the system trajectory will move towards the intersection of i L ¼ 0 and S ¼ along the line i L ¼ 0, and finally end at a limit cycle between the intersection point and S ¼ À. Therefore, the distance between the trajectory destination and the desired equilibrium point ð0; 0Þ depends on the position of the intersection.
As is depicted in Fig. 3 , when reducing the width of the hysteresis band, the intersection will be shifted on the left side of the axis x 2 . In this case, the circuit will operate in CCM if the trajectory is kept on the right side of the axis x 2 by reducing the overshoot.
As is depicted in Fig. 4 , when < 1 RC , because kp 1 p 2 k > kq 1 q 2 k, the trajectory will not enter the region D 3 , moreover, the region D 5 can be simplified to fx 1 ; x 2 jx 2 < 0; S < k; i L ¼ 0g. In this case, the slope of i L ¼ 0 is less than S ¼ , therefore, when intersection of i L ¼ 0 and S ¼ is on the right side of q 2 , the buck converter keep operating in CCM. However, when intersection is on the left side of q 2 , once the system trajectory encounter the line i L ¼ 0, it will move to q 2 along the line i L ¼ 0, and finally end at this undesired equilibrium point, as is shown in Fig. 5 .
From the above analysis, when operating in CCM, the system trajectory ends at a limit cycle around ð0; 0Þ, however it could end at a limit cycle or an equilibrium point away from ð0; 0Þ in DCM, as a result, the hysteresis band border δ should be limited in order to avoid operating in DCM. The intersection is calculated as
, assuming the system trajectory is on the right side of the axis x 2 , to ensure that the intersection is on the left side of the axis x 2 , the following condition must be satisfied
Similarly, when < 1 RC , to ensure that the intersection is on the right side of q, the following condition must be satisfied
In conclusion, when < min ; 1 RC Á U ref , the circuit will operate in CCM.
B. System transient performance
The movement of the system trajectory can be divided into the approach motion and the sliding mode motion. Where, the sliding mode motion is the motion in the sliding surface, according to the equation of the sliding surface S ¼ x 1 þ x 2 ¼ 0, the resolution of the state x 1 can be expressed as
It suggests that the speed of the sliding mode motion is proportional to the coefficient α. Moreover, the approach motion is the motion towards the sliding surface, and based on the earlier analysis, when > 1 RC , and the trajectory will enter the region D 3 , where the existence condition is not satisfied, so the trajectory is unable to move straight back to the sliding surface until it enter the region D 2 . Even so, the loss of the transient performance in the approach motion can be compensated by increasing the speed of the sliding mode motion, thus the lower limit of α is determined at 1 RC in this paper.
However, the increasing of the coefficient α is not limitless, an overlarge α will lead to an undesired overshoot, and even change the conduction mode, therefore, the upper bound of α should be limited.
In the following deduction, the upper bound of α will be given according to the principle that the trajectory is fixed on the right side of the axis x 2 . 
The above expression is deducted from expression (1), where
Then, from expression (13), the system state firstly reaching S ¼ À will be given
Where x 0 ¼ ½U ref ; 0 T , and the state xðt 1 Þ satisfy the following condition
Similarly, the state returning to S ¼ again will be expressed as
Where, the state xðt 2 Þ satisfy the following conditions
According to the given parameter L, C, R, δ and the condition (14)- (18), the upper limit of α can be given as < max ðL; C; R; Þ ð 19Þ
Simulation and experimental results
Afterwards, the proposed design method for controller is tested both in simulations and a laboratory prototype. The steady-state performance is evaluated in terms of the steady-state error and the ripple, and the transient performance is evaluated in terms of the settling time and the response on the load changes. The circuit parameters are provided in the following:
According to the design principle < 1 RC U ref and 1 RC < < max ðL; C; R; Þ, the controller parameters are given as: ¼ 150, ¼ 4000. Fig. 6 shows that the buck converter operate in CCM when ¼ 4000, ¼ 150, and the system trajectory end at a limit cycle around ð0; 0Þ, the output voltage of the converter is maintained at 3 V with the ripple less than 0.033%, and the settling time is 8:525 Â 10 À4 s.
The experimental prototype was built with the same design parameters used in the above simulation. Where, Power MOSFET IRF540 is used as switch S, MBR340 is used as diode D, a Texas digital signal processor (DSP) TMS320F2812 is used for building the proposed sliding mode controller, and the fourth-order Runge-Kutta solver was chosen to discretize the controller for real-time implementation. The waveforms of the output voltage and the inductor current are as shown in Fig. 6(c) .
As is shown in Fig. 7 , when α is reduced to 230, < 1 RC , the settling time of the closed loop system will rise to 0.017 s, which indicates a great drop in transient performance.
When ¼ 1200, ¼ 1000, > 1 RC U ref , which indicates that the value of δ do not satisfy the condition operating in CCM. As is depicted in Fig. 8 , the trajectory ends in a limit cycle along the point ð0:297; 643:564Þ, which is the intersection of i L ¼ 0 and S ¼ , the output voltage is maintained at 2.73 V, and an oscillation with the peak-peak amplitude of 0.073 V, there exists a great drop in steady-state performance.
When ¼ 200, ¼ 800, < 1 RC , and the condition operating in CCM is also not satisfied. As is depicted in Fig. 9 , when the inductor current drops to zero, the circuit transforms to DCM, then the system trajectory will move to the initial point ðU ref ; 0Þ and end at it, which is away from the point ð0; 0Þ, as a result, there exist a completely unacceptable steady-state error between the output voltage and the reference one. To further evaluate the transient performance, a step load changes (Ç1 Ω) are added by connecting (or disconnecting) parallel load. From Fig. 10 , the output voltage drops about 40 mV when increasing load and rises less than 50 mV when decreasing load, after a short transient, it is maintained close to the reference value. Additionally, as the limitation of experiment conditions, the time interval between increasing load and decreasing load in experiment is longer than it in simulation, and the standard of CH2 is out of the screen in experiment result.
Conclusion
In this paper, a parameters design of sliding mode controller for buck converter was established, from the design, the upper limit of the hysteresis band border δ, the upper limit and the lower limit of α were given according to its influence on existence condition, conduction mode and transient performance. Finally, the previous theoretical analysis has been validated by simulation and experiment, and the results show good steady-state and transient performance of the proposed controller and robustness to load variation. 
